Over the last few years, there has been an increasing interest in studying ultracold systems that include atoms and ions. Ultracold atomic systems, in which electric charge play an important role, include ultracold plasmas ͓1-3͔, ultracold Rydberg gases ͓4,5͔, and ionization experiments in a BoseEinstein condensate ͑BEC͒ ͓6,7͔. Early studies of atom-ion collisions ͓8͔ showed that large elastic cross sections could occur and ions could be sympathetically cooled by neutral atoms, while resonant charge transfer could dominate charge transport at extremely low temperatures ͓9͔.
Experiments using hybrid traps have been proposed to cool ions with ultracold atoms, such as Ca + using Na ͓10͔, where the role of hyperfine interactions could also be explored ͓11͔, while other proposals suggest controlling collisions by movable trapping potentials ͓12͔. Recently, an experiment involving a dual atom-ion trap for Yb ͓13͔ has been successful at measuring charge-transfer rates. Other experiments ͓14͔ are underway to detect large molecular ion clusters predicted to form when an ion is injected in a BEC ͓15͔. Such ions have also been proposed for scanning tunneling microscopy of ultracold atoms ͓16͔ that could also be used to probe the ultracold Fermi atoms near quantum degeneracy ͓17͔.
Grier Fig. 1 . They were calculated using the multireference average quadratic coupled-cluster method ͓19͔ combined with the relativistic small-core energy-adjusted pseudopotential ͓20͔. By fitting them at large R, we derive ␣ d = 144 a.u., which agrees with direct calculations ͓21-23͔.
In resonant scattering of identical isotopes, ⌬E = 0 and particles undergoing elastic scattering cannot be distinguished from particles undergoing charge exchange. However, with increasing energy, two distinct peaks develop in the angular distribution, one at forward scattering angles ͑ ϳ 0͒ that can be empirically attributed to elastic scattering and the other at backward angles ͑ ϳ ͒ that can be attributed to charge exchange. The differential scattering cross section is given as a function of the scattering angle by the expression
where x is given in terms of the total nuclear spin s by x = ͑s +1͒ / ͑2s +1͒ for integer s and by x = s / ͑2s +1͒ for halfinteger s, and f u and f g are the scattering amplitudes corresponding respectively to the interaction potentials V u ͑R͒ and V g ͑R͒ of Yb 2 + ͓24͔. There is little overlap of the scattering amplitudes at and − , and we may write for the total differential cross section
where
͑4͒
and
I el ͑͒ describes the elastic scattering and I ch ͑͒ describes the charge exchange scattering. We note that neglecting cross terms like f g ͑͒f u ͑ − ͒, etc., in Eq. ͑2͒ to obtain Eq. ͑3͒ removes the dependence on s in definitions ͑3͒-͑5͒. Figure 2 illustrates how the scattering peak at small angles ͑ ϳ 0͒ corresponds to the elastic process ͑as expected classically͒, while charge transfer dominates the peak at large angles ͑ ϳ ͒ at higher energies. However, as the collision energy diminishes, that domination becomes less striking. If we adopt the standard procedure and express f u and f g in terms of the phase shifts ᐉ g and ᐉ u , we obtain the cross sections for the total scattering
where el
Here, k = ͱ 2E / ប is the wave number and is the reduced mass. The elastic cross section can be defined from those two expressions: el = tot − ch . The total cross section is dominated by the long-range R −4
potential. By using the random phase approximation ͓8,24͔ for low angular momenta and the semiclassical approximation for high angular momenta, the total cross section can be approximated by ͓8,25͔ Yb obtained by summing the individual contribution ͓Eq. ͑6͔͒ with the approximate expression ͑9͒. The agreement is remarkably close even for energy as low as 3 ϫ 10 −9 eV ͑ϳ35 K͒. In the limit of zero energy, 0 g,u =−ka g,u , where a g and a u are the 2 ⌺ g + and 2 ⌺ u + scattering lengths, respectively, so that the total, charge exchange and elastic cross sections are equal to 2͑a g 2 + a u 2 ͒, ͑a g − a u ͒ 2 , and ͑a g + a u ͒ 2 , respectively. We list the scattering lengths in Table I for the stable Yb isotopes. Scattering lengths are determined by the location of the least bound level and are very sensitive to the interaction potential and to the reduced mass. For heavy atoms and for an R −4 potential, they will, in general, tend to be large.
The resonant charge exchange cross sections of the stable isotopes are illustrated in Fig. 4 for energies up to 1 eV ͑10 4 K͒. Below 10 −4 eV ͑1.16 K͒, the cross sections vary significantly from one isotope to another and they exhibit a pronounced oscillatory behavior which is more noticeable the smaller the zero energy cross section. The structure arises from a combination of shape resonances modulated by glory oscillations and Regge oscillations ͓26,27͔. At eV energies, Yb ion-atom collisions ͑with s =0͒ at high ͑top row͒, medium ͑middle row͒, and low ͑bottom row͒ energy. The cross sections are in atomic units ͑a 0 2 ͒ and the angles in degrees. The scattering peak at small angles corresponds to I el ͑͒. The peak at large angles, clearly due to charge transfer at higher energies, diminishes at lower energies, where I ch still dominates but less noticeably.
the cross sections vary as ͑a ln E − b͒ 2 ͓24,25͔, a behavior that reflects the exponential decrease in the exchange energy at large R. For isotope 172, a = 1.88 a.u. and b = 32.44 a.u. with E measured in eV and ch in units of a 0 2 ͑the values are comparable for the other isotopes͒. The resonant charge transfer exhibits four different energy regimes ͑see inset of Fig. 4͒ : an s-wave regime at ultralow energies ͑described by the scattering lengths͒, a modified Langevin regime at low energy ͑where significant structure appears͒ which overall behave as E −1/2 , a Langevin regime at medium energy scaling as E −1/2 ͓8͔, and an "exchange" regime ͓which follows ͑a ln E − b͒ 2 ͔ at high energy. At much higher energy still ͑not shown on the figure͒, the cross section is expected to decrease as a high power of E ͑as E −6 for the BrinkmanKramers cross section ͓28͔͒.
Averaging over the velocity distribution suppresses the oscillatory structure. Figure 5 presents the thermal rate coefficients for several isotopes. They agree with each other to within a factor of a few until they enter the Wigner regime where the rate coefficients have constant values that are sensitive to the scattering lengths. At mean energies around 10 −4 eV ͑1.16 K͒ the agreement with experiment ͓13͔ is encouraging and could be improved by a slight acceptable modification of the interaction potentials. With the exception of the two end points of the experimental energy range, the measurements cluster around a value of 6 ϫ 10 −10 cm 3 s −1 which corresponds to the Langevin rate coefficient for a polarizability of 143ϳ 144 a.u. ͓21-23͔. The results shown in In conclusion, we computed total and resonant chargetransfer cross sections between Yb and Yb + over a large range of energies. We gave the differential cross section and showed that the peak at forward scattering angles can be attributed to elastic scattering while the other at backward angles can be attributed to charge exchange. We also found that the total cross section is adequately approximated by a semiclassical expression over a wide range of energy and that resonant charge transfer can be described by five different energy regimes. The two lowest-energy regimes exhibit important variations between the different isotopes, while the three highest-energy regimes are almost identical. Finally, we compared our results with recent measurements and found them to be in good agreement. The variation in the theoretical rate with isotope mass number points to the need of new measurements with different isotope mixtures. 
